Boundaries and the Casimir effect in non-commutative space-time 
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We calculate modifications to the scalar Casimir force between two parallel plates due to space- 
time non-commutativity. We devise a heuristic approach to overcome the difficulties of describing 
boundaries in non-commutative theories and predict that boundary corrections are of the same 
order as non-commutative volume corrections. Further, both corrections have the form of more 
conventional finite surface effects. 
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I. INTRODUCTION 

The idea that space-time coordinates do not 
commute below a certain length scale is a rather 
old one [lj]. As such, it has been recently revived 
in string theory 0, 0] , where one deals with spa- 
tially extended objects, and in the search for a 
quantum theory of gravity 0] where the Planck 
length naturally appears. Non-commutativity 
itself is a common feature of quantum theories. 
It is manifested in quantum mechanics in the 
phase-space commutation relations 



[p 



i, Xj\ 



ih8, 



(1) 



and in quantum field theory in the commutation 
relations of creation and annihilation operators. 
Also Yang-Mills theories on non-commutative 
spaces jBf appear in string theory and M-theory. 

Non-commutative geometry is based on the 
concept that there might exist a fundamental 
length (which we shall always denote as i) in 
the fabric of space-time jl]. For a parameter to 
be considered a fundamental length, it should re- 
spect Lorentz invariance, and therefore the time 
coordinate needs to be included among the non- 
commutative variables. However, this is not a 
trivial change and theories in which the time 
coordinate does not commute with spatial ones 
seem to be acausal. An example of such a the- 
ory is given in Ref. [3], where the authors study 
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the effects of space-time non-commutativity on 
the scattering of wave packets and show that 
stringy effects cancel the acausal effects that ap- 
pear in field theories. Other motivations for 
non-commutativity come from D-brane scenar- 
ios @, 0] where space non-commutativity ap- 
pears when D-branes occur in hyper-magnetic 
fields, and time non-commutativity is generated 
similarly by nonzero hyper-electric fields (l9| . 

Non-commutativity in space-time is usually 
implemented by replacing the ordinary product 
with the Moyal ^-product 0. One then finds 
that the free propagator is not changed, and a 
(self-)interaction in the field theory is necessary 
in order to see any corrections with respect to 
the commutative case (for a recent review, see 
e.g., Ref. Q). An alternative, coherent state ap- 
proach was proposed in Ref. [s| which leads to 
non-trivial corrections already at the level of free 
propagators, as one would more naturally expect 
(for some of its consequences, see Refs. |9l. llOl]). 

The Casimir force between perfectly conduct- 
ing (parallel) neutral plates per unit area [l3| 
(we shall use natural units with c = h = 1), 

where A is the area of the plates and L the sep- 
aration between the plates (A 3> L 2 ), is per- 
haps the most prominent example of non-trivial 
vacuum effects in quantum electrodynamics. It 
has been studied extensively and can be mea- 
sured with very high accuracy (for a review, see 
Refs. 14, [TEI). Several papers have appeared in 
the literature which consider the corrections due 
to the existence of a minimal length [l6[ or of 



2 



compactified extra spatial dimensions 17]. Be- 
cause of the high accuracy of the measurements, 
the Casimir effect is also a natural candidate to 
show possible effects due to short-distance space- 



time non-commutativity [181 ] . It is important 
to note that the final result in general depends 
on how non-commutativity is realized. For ex- 
ample, in the usual Moyal approach [6(], non- 
commutative corrections will depend on the de- 
tails of the (self)interaction terms which are in- 
cluded in the field theory [18j. In the approach 
of Ref. (§], which we shall follow, such correc- 
tions should not depend on coupling constants 
and therefore look universal j20| . 

In describing the Casimir force, one usu- 
ally represents the plates as Dirac 5-function 
sources or, equivalently, as boundary conditions 
on the field modes. Thus, a crucial point 
which needs to be addressed before introducing 
non-commutativity in the Casimir effect is how 
boundaries are described in a non-commutative 
space-time. /,From a physical point of view, it 
is meaningless to assign a position with accu- 
racy better than the minimum length admitted 
in the theory. Therefore what should be done is 
to give up the boundary conditions and, for ex- 
ample, describe the plates as sources "smeared" 
over a size of the order of the fundamental length 
£, making sure at the same time that the neces- 
sary conditions for having a discrete spectrum of 
modes between the plates continue to hold. Un- 
fortunately, such prescriptions do not uniquely 
fix the interaction term in the Lagrangian which 
describes the plates explicitly, and it is hope- 
less to obtain exact expressions for the non- 
commutative modes given non-trivial potentials 
for the plates. 

Based on the above observation, we shall there- 
fore attempt a more modest approach by treat- 
ing the non-commutativity around the bound- 
aries "perturbatively" with respect to the stan- 
dard treatment. This will allow us to show 
to what extent approximate calculations which 
make use of the usual boundary conditions can 
still be employed and find that, to leading order 
in the ratio between the non-commutative length 
and the plate separation, boundary corrections 
are expected to be of the same order as volume 



corrections and both corrections have the form 
of finite surface effects. 

In Section [III we shall review the coherent 
state approach to quantum field theory in non- 
commutative space-time and then compute non- 
commutative corrections to the Casimir effect 
in Section IIHI We shall begin by discussing 
the problem of defining boundaries in a non- 
commutative space-time in Section IIII Al where 
we estimate boundary effects and proceed with 
volume corrections in Section IIII B[ The com- 
parison with surface effects in the standard de- 
scription will finally be discussed in Section [TV] 
and more conclusions drawn in Section |Vj 

II. NON-COMMUTATIVE SPACE-TIMES 

A D-dimensional non-commutative space-time 
can be defined in terms of space-time coordinates 
x^ (where /i = 1,2,. ..,/}) which satisfy the fol- 
lowing commutation relations: 



[x», x h 



(3) 



where G Ml/ must be an antisymmetric Lorentz 
tensor 0. As such, it can be transformed into a 
block-diagonal form: 



e^ = dia g fe h e 2 ,...,e D/2 ) 



where 



e,- = e 3 ; 




(4) 



(5) 



Since a coordinate reversal changes the sign of 
one of these 0j, we can without loss of generality 
require that all Oj be positive. 

In order to have full non-commutativity, one 
needs to work in a space-time that has an even 
number of dimensions. Then the D = 2d coor- 
dinates can be represented by d two-vectors: 



x r 



X 



X±, X 2 , ■ ■ ■ , Xd 



(6) 



with Xi = (yu,y2i) being two-vectors in the z-th 
non- commutative plane that satisfy 



(7) 
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In a coherent state approach a set of commut- 
ing ladder operators is constructed from non- 
commutative space-time coordinates only 
We define the ladder operators for the z-th plane 
in the following way, 



1 

V2 



(yu + i hi) 



V2 



These operators will then satisfy the canonical 
commutation rules 



(9) 



Normalized ((a\a) = 1) coherent states can 
now be defined for these operators as 



o> = n 



exp 



— { <\; (I; - H, (I 



0) ,(10) 



where | ) is the vacuum annihilated by all fij. 

The usual commutative coordinates are associ- 
ated with the non-commuting ones as their mean 
values over coherent states. In this way, a non- 
commutative plane wave can be calculated using 
Hausdorff decomposition, resulting in the follow- 
ing form 



a | exp 



exp 



i=l 
d 



e 



X 



a ) 



i=l 



1 (Pu + Pi) + i(p-x)i 
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where pu and p2i are the momenta canoni- 
cally conjugate to the space-time coordinates. 
Eq. ffTTl) then shows that a plane wave in the 
non- commutative case will have damping factors 
proportional to 0j and that we recover the usual 
form in the limit G» — > 0. In a four-dimensional 
non- commutative space-time we have two such 
non- commutative planes (d = 2) and it is 
worth noting that, for complete space-time non- 
commutativity and Oj > 0, the damping factors 
are positive both for time and space momentum 
components, regardless if a Minkowski or Eu- 
clidean metric is used. 

In the following, for simplicity, we will as- 
sume that the parameters which describe non- 
commutativity in the i-th plane in Eq. ([7j) are 



all the same, that is 9j = 6 > 0, and denote 
with £ = \/Q the natural length associated with 
non- commut at ivity. 

III. NON-COMMUTATIVE CASIMIR EFFECT 

We shall now calculate modifications to the 
scalar Casimir force due to the space-time non- 
commutativity described in the previous Section. 
Following Ref . 13[ , we shall do so by computing 
the vacuum energy density of a massless scalar 
field for the case of two perfectly conducting 
parallel plates separated by a distance L. Al- 
though in Casimir's original paper, the calcu- 
lated Casimir force is due to the vacuum energy 
density of the electromagnetic field, several cal- 
culations have been carried out using scalar fields 
satisfying either Dirichlet or Neumann boundary 
conditions. For an extensive review on the sub- 
see Ref. 



15 



ject, 

The first issue we need to address is how to 
define the plates in a non-commutative theory, 
which will lead us to estimate "boundary" cor- 
rections due to the "fuzziness" of the plates. 
Subsequently, we shall also determine volume 
corrections which are present in the limit of 
sharply defined plates. 

A. Boundary corrections 

Let us begin by briefly reviewing how bound- 
aries are taken into account in the standard com- 
mutative case. For this purpose, we consider the 
simple case of a (complex) massless scalar field 
= (p(t, x) in two-dimensional Minkowski space- 
time which interacts with two 5-function poten- 
tials, at x = and x = L. The dynamics of 
this system is described by the usual Lagrangian 
density 



C 



[\d t ct>\ 2 - \d x <P\ 2 ) + C 



mt j 



(12) 



with 



A 

2L 



6(x)\<f ) \ 2 -^ L 5(x-L)\ ( f ) \ 2 ,(13) 



where the coupling constant A is dimension- 
less 15|. Integrating around x = or x = L 



4 



one imposes the usual boundary conditions in 
which the jump of the first derivative of the field 
is related to the value of the field itself at the 
same point, 



A{d x 4 

where y = or L, 

A (d x <j)) \ y - 



\ y = 2<p(t,y) 



d. 



\y— e ) 



(14) 



(15) 



and the limit e — ► is understood. If we now 
take the coupling to infinity, Eq. ([14"]) . together 
with regularity of around x = y, enforces 
Dirichlet boundary conditions at the two points, 



lim 0(t, y) = 

A— >oo 



(16) 



Upon introducing the usual Klein-Gordon scalar 
product 



■n- ' ■„, i - 2 / da; (0* d t (j) m - m d t <p* n ) ,(17) 
one then finds the normal modes 



(f> n (t,x) 



e 1 En 1 sin 



n tx 



rin x 



with energy eigenvalues 



(19) 



where n is a positive integer. 

When non-commutativity is taken into ac- 
count, the 5-functions describing the positions of 
the plates, should be replaced by smooth func- 
tions which differ from in an interval of the 
order of the minimal length I = \/© induced by 
non-commutativity. At the same time, we re- 
quire these potential functions to preserve a dis- 
crete spectrum in between the plates. To achieve 
this, for instance, we can superimpose on each 8- 
function a "box" potential, 



9{x) 



_1 for \x\ < 



for \x\ > £ . 



(20) 



The interaction term (TT5|) will then be supple- 
mented by 



lilt 



Jl9(x) |0| 2 



2L 



g{x-L)\<p\ 2 ,(21) 



where A' is also dimensionless [21]. Eq. ffl4l will 
correspondingly be replaced by 

A A' f y+£ 

&(d*4>)\v = j i 4>{t,v) + Yl J t dx ^ :E )( 22 ) 

In the strong coupling regime A — > oo, regularity 
of then requires that (f>(t, 0) = 0(t, L) = as 
for the commutative case [see Eq. (TlBl) ]. The 
jump A (<9 X 0) is then proportional to A', unless 
(f>(t, x — y) = —(pit, y — x) around y — and 
L. This latter condition must strictly hold if one 
also wants to take A' — > oo in the strong coupling 
limit [otherwise A (d x <fr) would diverge]. 

For finite values of A', we can still use the 
potential f)20p to estimate the non-commutative 
corrections by employing standard perturbation 
methods. In particular, we treat the interaction 
Lagrangian fl2Tj) as a perturbation with respect 
to ffl3l) and estimate the correction to the energy 
levels of the strongly coupled (A — ► oo) unper- 
turbed theory as 



AE n = — 

n Li 



dx |0 r , 



A' E„ 



L ' ' (23) 



where n is given in Eq. ( fl8i) and the last approx- 
imation holds for f <C i. A similar correction 
can be computed for the spectrum of continuous 
modes outside the plates. For example, to the 
left of x = 0, such modes can be written as 



<frk(t,x) 



kW 



-ikt 



sin(fcx) 



(24) 



where W is a finite interval which must be taken 
to infinity at the end of the computation. The 
corresponding correction to the energy E^ = \k\ 
is then 



AEu ~ A' E h 



LW 



(25) 



which vanishes in the limit W — > oo and is 
thus negligible. This argument shows that non- 
commutative boundary corrections are negligible 
for continuous spectra, such as is the case of the 
moving mirror analysed in Ref. 13 • 
^From the above results it follows that the 



Casimir force between "fuzzy" plates is given by 
•7~f.p. 

1 + 3A' 



d_ 
"dl 



J2(E n + &E n )-wj dkE k 



(26) 



that is 



f. P . 



L 



(27) 



Of course, numerical factors were dropped from 
the final expressions since they would just be 
related to the specific form of the "fuzzy" po- 
tential (120|) . Further, had we considered more 
spatial dimensions, the difference would have ap- 
peared in an overall (volume) factor which could 
be absorbed in the couplings A and A'. 

A few comments are now in order. Firstly, the 
correction in Eq. (1261) explicitly depends on the 
coupling constant A' and we have no means of 
estimating its value for the (unphysical) case of 
a scalar field considered here. One natural as- 
sumption would be to set A' ~ 1 and, for the 
more realistic case of an electromagnetic field, 
take A' ~ a (the fine structure constant). Fur- 
ther, since it is natural to assume that I < i 
(otherwise non-commutativity would have al- 
ready been discovered in our macroscopic world) , 



our results will always be given in the perturba- 
tive expansion in powers of £/L as we did above. 



B. Volume corrections 

Having estimated the effects due to the uncer- 
tainty in the position of the boundaries, we shall 
now compute volume corrections, that is the ef- 
fects due to non-commutativity that remain if 
we impose the usual boundary conditions ffT6l) 
corresponding to sharply defined plates. 

Using the results reviewed in Section [Til we 
can express a scalar field in a non-commutative 
four- dimensional Minkowski space-time in terms 
of the field modes as 



U 2 +P 2 ) 



D i p-x—iuj t 



where x 



[x,y,z) 



(2 7r) 3 / 2 v / 2lJ 
w = -Po, V 



(28) 

(Px,Py,Pz) 

and p = \/p ■ p. The fact that the time is non- 
commutative is reflected in the equation above 
by the presence of the energy uj in the Gaussian 
damping factor, and we recall that the relative 
sign between terms proportional to uj 2 and p 2 in 
the exponential is not affected by the space-time 
signature. 

The scalar field operator in terms of these field 
modes takes the form 



4>{t,x) 



d 3 p 



(2 7t) 3 / 2 v / 2w 
and the momentum density becomes 

d 3 p (-iuj) 



7t(t, x) 



(2^)3/2^ 



&- e ~t (^ 2 +P 2 ) e ip-S-iujt _ y\^ e -^(u 2 +p 2 ) e -ip-x+iujt 



(29) 



(30) 



with the ladder operators satisfying 



The massless free-field Hamiltonian 



bp, tt f 



(31) 



H = - 
2 



d s x 



k 2 + (YoY 



(32) 
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then becomes 

d 3 p 



H 



(2tt) 3 

and the zero point energy 

E ZP = (0|#|0) 

"°° p 2 dp 



(33) 



(2*) 



-0p' 



u(p) , (34) 



which is finite since the Gaussian damping fac- 
tor dominates at large p and makes the above 
integral converge. 

Let us assume that the two perfectly conduct- 
ing plates are located at x = and L and extend 
infinitely in the (y, z)-plane. The boundary con- 
ditions (TT6T) then imply that, between the plates, 
the momentum along x is quantized, 



Pa 



7in 



neZ 



(35) 



whereas k = (p y ,p z ) takes continuous values. 
The frequency of a massless scalar field mode 
can therefore be written as 



LU n (k) 



7r 2 n 2 

~1X~ 



k 2 



(36) 



with k = Vk ■ k. 

We can rewrite the energy density from 
Eq. (|34"|) in the volume contained between the 
plates using Eq. fl36|) as 



A_ 

47T 



OO /»oo 

V / kdke- @UJ " {k) uj n (k) 
-_~ Jo 



n=—oo 



A x - 

2^^ 



n=0 



kdke- e ^ k) u n {k) ,(37) 



where A is the area of the plates and the prime 
on the summation in Eq. (1371) means that the 
term with n = is weighted by a factor of 1/2. 
Since the plates extend along x and y infinitely, 
the sums over the parallel wave vectors are re- 
placed by integrals. We then change the integra- 
tion variable from k to u and use (I3"6"|) to write 
the energy density as 



2tt^ 



n=0 



du e 



(3t 



tt n 
L 



The energy density outside the plates can also 
be obtained by noting that the momentum along 
the x direction takes continuous values there and 
in this region the summation over n from the 
previous equation becomes an integral, 



E, 



out 



A_ 

2tt 



dn 



du e 



-e 



(39) 



- n 

L 



We again remark that the expressions for the en- 
ergy density in the previous equations are finite 
and do not need to be regularized. 

After performing the integration over uj in 
Eq. ( |38|) . we can calculate the force acting on 
the plates from inside as (recall that O = £ 2 ) 



dE in 
dL 



A 71^ 



E 

n=0 



9 - 

n e 



--Ctt 2 n 2 

r,2 



(40) 



and a similar expression is obtained for the force 
F out acting on the plates in the outer region with 
the summation over n again replaced by an inte- 
gration. The net Casimir force is then found by 
subtracting the force acting on one side of the 
plate from the force acting on the other side, 



net -'in 1 out 



An 2 
' 2L 4 



E 

n=0 



3 — ^tt 7T Tl 

n e l 1 



dn n e 'l 2 



(41) 



We use the Euler-Maclaurin formula 

N 



n=l J 



(42) 
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FIG. 1: Left plot: Casimir pressure in the commutative (dashed line) and non-commutative case (solid line) in units of 4 
as a function of the separation L between the plates (in units of £ = V@). Right plot: Percentage difference between the two 
Casimir pressures as a function of L/l. Only volume effects are included. 



where B2k are Bernoulli's numbers, and the fact 
that in our case 

/(0) = lim f(N) = lim ^"^(N) = ,(43) 

TV— >oo N-^oo 

to finally obtain the pressure as a power series 
in £/L, 

F ae t 



T 



A 



(44) 



■■Fa 



1 + 



177T 2 



+ 



71 



4 \L 



+ ... 



The factor Tq is Casimir's original result (TS]), and 
for a comparison with the complete result in- 
cluding 100 orders in E/L see Fig. [TJ For a plate 
separation L ~ 10 £ the volume correction is of 
the order of 5% and decreases rapidly to zero for 
larger L. 

We conclude this Section by noting that the 
leading order of the volume correction is the 
same {£/L) 2 as that of the boundary effects es- 
timated in Section IIII Al and, if one regards I 
as the "fundamental" plate thickness, both the 
boundary correction (T27j) and the leading order 
volume correction (144)) have the same functional 
dependence on £/L as finite surface effects. 

IV. COMPARISON WITH SURFACE EFFECTS 

When evaluating the Casimir force for real 
media, one should consider temperature correc- 
tions, corrections which appear because of the 



finite conductivity of the plates and because 
of the roughness of the plates. As we men- 
tioned at the end of the previous Section, the 
latter compare very well to the type of modi- 
fications which are induced by space-time non- 
commutativity and will now be briefly reviewed 
(see, e.g., Refs. fl4l. [TBI]). 



The boundaries for real plates, no matter 
which geometry is under discussion, show devi- 
ations from perfect figures. For example, the 
plates can be slightly off from being parallel to 
each other, or the surfaces of the plates have 
some imperfections. The surface roughness of 
any real material contributes to the magnitude 
of the Casimir force. In any of these cases, the 
amplitude of these distortions A is much smaller 
than the separation of the two plates L. Even so, 
for plate separations of the order of L ~ 1 /im, 
these contributions are rather large and need to 
be taken into consideration when comparing the- 
oretical models with experimental data. 

Let us first consider the Casimir force between 
two square parallel plates with sides of finite 
length d. For the derivation to be valid (we con- 
sidered the case of two infinite plates) we need 
to have d ^> L. We further assume that in- 
stead of the plates being exactly parallel, they 
are placed with an angle a between them. We 
want | a | d <C L so this angle needs to be very 
small (this is one of the examples of deviations 
from the parallel plane geometry). The correc- 
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tions up to the fourth order in \at\ d -C L to the 
Casimir force in this case are given by (l4l | 



10 fad 

1 + I T 



7( - 



(45) 



where JF is again the expression in Eq. (j2J). 

For plates covered by short scale roughness, let 
us describe the location of the surfaces of the two 
plates by 



xi = A 1 f 1 (y 1 ,z 1 ) 
x 2 = L + A 2 j \{yi,z 2 ) 



(46) 



where L is now the mean distance between the 
two plates. The values of the roughness ampli- 
tudes are chosen such that max|/j(?/j, zA\ = 1. 



The mean values of the location of the plates on 
the x-axis are given by 



and 



(x 1 )=A 1 (f 1 {y 1 ,z 1 )) = (47) 



'x 2 )=L + A 2 (f 2 (y 2 ,z 2 )) = L. (48) 



We assumed here that the amplitudes A\ and 
A<i are much smaller than the mean distance be- 
tween the plates L, and L is much smaller than 
both the size of the plates d and their thickness 
t. At the same time in all real situations we 
have L/t, L/d <C \Ai\/L so that we are looking 
for a perturbation expansion in powers of | A/\/L 
to zero order in L/t and L/d. For this case the 
Casimir force takes the following form flT 



A, 



L 



iff) +(/!) -T- 



A, 



L 



+35 



A x 



L 



{fx) -r + Hf!fi) [-T-1 +(/ 2 4 ) -T- 



L 



A-: 



L 



A, 



(49) 



In the previous sections we calculated the lead- 
ing order (in £/L) corrections to the Casimir 
force due to the presence of boundaries and 
the volume corrections up to (£/L) 100 in a non- 
commutative scenario. We now see that, at least 
at leading order, the corrections due to space- 
time non-commutativity have the same sign and 
a similar dependence on 1/L 2 as those due to 
the imperfections of the plates (orientation and 
roughness). To be more accurate, the correc- 
tions (l4"5j) and (149]) due to physical imperfec- 
tions of the plates depend on the square of the 
ratio between the amplitude of the functions 
which describe the deviations from perfectly flat 
plates and the plate separation. In the non- 
commutative case there are two types of correc- 
tions, one due to the "fuzziness" of the plates 
[estimated in Eq. (126]) ] and the other due to non- 
commutativity of space-time coordinates in the 
volume between the plates [see Eq. (1141 ] . We 



have shown that both of them are proportional 
to Q/L 2 , where = £ 2 is the parameter which 
describes non-commutativity, which can there- 
fore be also viewed as describing an intrinsic 
(minimum) plate thickness. 



V. CONCLUSIONS 

In the present work we calculated non- 
commutative corrections to the scalar Casimir 
force between two parallel plates. We used a 
coherent states approach to non-commutativity 
first introduced by Smailagic and Spallucci in 
Refs. jgj, which produces results that do not de- 
pend on the self-interaction of the scalar field. 

There are two types of corrections to the at- 
tractive force between the plates. The first type 
of correction is what we called a "boundary" 
correction. Defining a boundary in the classi- 
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cal sense in a non- commutative scenario is very 
problematic. We therefore took a heuristic ap- 
proach to the problem and defined a "fuzzy" 
boundary which we modelled using a potential 
different from zero in an interval of the order 
of the fundamental length introduced by non- 
commutativity Treating this term as a per- 
turbation to the part of the Lagrangian which 
describes the interaction between the scalar 
field and the plates, we were able to estimate 
corrections which appear because of the non- 
commutativity of the boundaries. As a re- 
sult, the scalar Casimir force is increased. We 
have also shown that in the limit in which the 
boundaries become sharp, there will still be 
a second contribution from non-commutativity 
in the volume between the plates. The non- 



commutativity of space-time in fact suppresses 
the plane waves by a Gaussian factor and thus 
affects the vacuum energy density. This latter 
contribution also has the same sign as the com- 
mutative part of the Casimir force, and we can 
therefore conclude that non-commutativity is in 
general expected to increase the (scalar and at- 
tractive) force between two parallel plates. 

The treatment of non-commutative geometries 
with "boundaries" is a long-standing problem. 
The phenomenological approach we have devel- 
oped here may be of use for other physical theo- 
ries which involve non-commutative spaces with 
boundaries since it allows explicit calculations of 
contributions due to non-commuting aspects of 
space-time. 
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